Abstract-To better understand the mechanisms leading to the formation of thrombi of hazardous sizes in the bulk of the blood, we have developed a kinetic model of shearinduced platelet aggregation (SIPA). In our model, shear rate regulates a mass-conservative population balance equation which computes the aggregation and disaggregation of platelets in a cluster mass distribution. Aggregation is modeled by the Smoluchowski coagulation equation, and disaggregation is incorporated using the aggregate breakup model of Pandya and Spielman. Previous experimental data for SIPA have been correlated with a special case of this model where only the two-body collision of free platelets was considered. However, the two-body collision theory is oblivious to the steady-state condition, and it required the use of a shear-dependent aggregation efficiency parameter to fit it to experimental data. Our method not only predicts steady states but also correlates with literature data without employing a shear-dependent aggregation efficiency.
INTRODUCTION
In the study of thrombosis and the development of non-thrombogenic biomedical devices, it is important to understand the physical roles played by fluid mechanics in the initial stages of thrombosis. Among the numerous publications on mathematical models of thrombosis, there are only a few which address the dynamics of aggregation and breakup of platelet aggregates. In this article, we propose a novel mathematical model for shear-induced platelet aggregation (SIPA). The model is based on population balance kinetics with hydrodynamic effects, an approach which is less reliant on empirical data than past methods. This model represents just one stage among many mechanisms involved in thrombosis. It has an important advantage of being formulated as a set of ordinary differential equations (ODEs) which can be coupled with models that are similarly formulated for other processes, such as the coagulation and the complement cascades, platelet activation, and platelet surface deposition. 8, 21, 25, 42 The ultimate goal of SIPA model development is to improve the prediction of blood-damaging flow conditions so that the models could safely be applied to minimize these conditions in medical devices.
SIPA occurs when activated platelets, being convected in the bulk flow of blood, aggregate upon contact with other activated platelets. The intensity of shear rate can regulate both the capture of free platelets into aggregates 3, 6, 10, 49 and the size of those aggregates. 15 Observations have shown platelets aggregating to each other with Von Willebrand factor (vWF) at low shear rate sites just downstream from high shear rate sites. 28, 48 The multimers of vWF in plasma uncoil almost instantaneusly under high shear stresses (sJ3.5-5.0 Pa), exposing their binding sites to the platelet receptor GpIba, 36, 37 and stimulating platelet activation. 20, 48 It seems that aggregation does not occur so prominently at high shear stress sites because hydrodynamic forces there tear platelets away, 28 yet it occurs downstream because platelets are still interacting with vWF when the shear drops. Similarly, shear stress could also be the control mechanism for the growth of aggregates forming by fibrinogen bridging with GPIIb-IIIa receptors on activated platelets.
Platelet aggregation is governed by the kinetics of aggregation and clustering of colloid particles. When two colloid particles collide, there is a chance that they will clump together to form a larger particle. Platelet aggregation can be simulated either by particle dynamics or by statistical mechanics. 27 In particle dynamics, the velocities and positions of a group of randomly distributed platelets are integrated in a flow field; collisions occur where positions occupied by two particles coincide. This method yields more details of the microscopic level, but it is computationally very expensive when too many particles have to be included in the simulation. In a statistical mechanics method, the particles are considered uniformly distributed inside a control volume. The many individual probabilities of collision and aggregation can be averaged by the central limit theorem (CLT) of statistics. The CLT states that for a sufficiently large number of iterations of independent random variables, the system is approximated by a normal distribution, whose variance decreases with the number of random variables. Hence, for a large number of particles, the state of each individual particle can be averaged into a physical state of the system as a whole, where state transitions are formulated as rate equations. 34 In the statistical mechanics approach, the colloid particle population is distributed by mass (or size) in a cluster mass distribution (CMD). The CMD evolves according to a population balance equation (PBE) which satisfies the principle of mass conservation. Smoluchowski was the first to apply statistical mechanics for aggregation of colloid particles. 46, 47 However, in processes where hydrodynamic forces are dominant, fragmentation may occur. Simultaneous aggregation and fragmentation by fluid shear is encountered in a number of processes, such as polymerization, emulsification and waste-water treatment. 2 Blatz and Tobolsky were the first to solve a reversible PBE for a polymerization process. 4 A breakup PBE for colloid aggregates was formulated by Pandya and Spielman 30,31 based on the experiments conducted by Kao and Mason. 17 Aggregate breakup occurs by two mechanisms: erosion and splitting. Erosion is the detachment of small particles from an aggregates's surface, and splitting is the breakup into pieces of size comparable to the parent aggregate's. Both these mechanisms have been observed in platelet aggregates. 28 To the best of our knowledge, Huang and Hellums are the only researchers to date to employ a PBE including the effects of both aggregation and breakup for platelets. In a series of three papers, they analysed the PBE dynamics, 14 obtained experimental parameters, 15 and tested the system reversibility under varying shear stresses. 13 The calculated aggregation efficiency was so low that Huang and Hellums argued that breakup need not be modeled. 13 However, the complete PBE, with breakup as well as aggregation, is expected to be more realistic than the aggregation-only version because it naturally predicts steady states, whereas the aggregation-only PBE can only reach steady state when all primary particles are contained in a single cluster. Furthermore, the experimental CMDs obtained by these authors were bimodal, contrary to what is mathematically expected by either the aggregation-only or the aggregation-breakup PBE at steady state. This may have occurred because they classified the aggregates by size, but assumed a fixed void fraction, within the porous aggregates, independent of the aggregate size. Yet, when measuring the aggregate size, Huang and Hellums used a Coulter counter without correcting the void fraction. The Coulter counter detects the volume of primary particles in the aggregates, which is lower than the apparent volume of porous aggregates.
Other experimental studies on SIPA have applied two-body collision theory to calculate the aggregation efficiency of freshly activated platelets. 3, 6, 10, 49 In this approach, experimental data is correlated with the theoretical aggregation rate of free platelets to free platelets, but it ignores the aggregation of free platelets to aggregates and of aggregates to aggregates. Another problem with the two-body collision model is that its theoretical steady state does not correspond with the experimental data. In contrast, the aggregationbreakup PBE is more general than the two-body collision model, and is theoretically capable of representing the experimental steady-state condition.
In the present work, we develop a PBE model for platelet aggregation, including breakup as well as aggregation terms. The parameters of the model are based on experiments by Xia and Frojmovic. 49 Details of the theoretical framework and computational scheme are presented. We compare the previously developed two-body collision model with our more general aggregation-breakup PBE model. Theoretical aspects regarding the two models in the analysis of the experimental results are discussed.
METHODS
The PBE model is detailed in this section. The distribution of platelets in aggregates, and the average structure of these aggregates, are essential to characterize this biophysical system. Finally, the two-body collision model is presented for comparative purposes.
Cluster Mass Distribution
The CMD describes the state of a system of colloid clusters homogeneously distributed in space. We consider a discrete CMD in the form of a vector C ¼ ½C 1 ; C 2 ; . . . ; C n , i 2 ½1; . . . ; n, representing the concentration of different classes of clusters, where n is the number of cluster size classes discretized in the CMD. Ideally, the PBE should compute simulations where the CMD is not significantly populated at the last discretized class (i.e., C n % 0). Each cluster in class i is composed of a number v i of platelets (monomers), and it has as a radius of gyration R i , which respectively form two other vectors, v and R, of size n. The radius of gyration is determined by the structural organization of platelets inside the aggregate. To show the relative distribution of platelets in the CMD a platelet population distribution (PPD)
can be defined, where C p is the absolute concentration of platelets, regardless whether they are aggregated or not.
Fractal Structure of Aggregates
Colloid aggregates are ramified non-dense clusters with self-similar characteristics typical of a fractal structure. 40 The radius of gyration of a discrete aggregate cluster formed by v i primary particles (e.g., platelets) of radius R p is calculated by
In Eq. (2), D F is the fractal dimension of the structure, which is lower than the Euclidian dimension D E ¼ 3. In a system where the motion of colloid particles is primarily Brownian, the fractal dimension of the aggregates is D F % 1:8 if aggregation is limited by diffusion, or D F % 2:1 if it is limited by chemical reaction. 26 The fractal dimension D F ¼ 2:2 was measured for platelet aggregates forming under Brownian diffusion. 7 The fractal dimension for SIPA could be higher because breakup and restructuring may make the aggregate more compact. 44 However, to the best of our knowledge, there is no experimental data reporting the fractal dimension of SIPA. Therefore, we use D F ¼ 2:2 as a lower bound reference in this work.
We calculated the mean platelet radius R p from both the radius of the mean platelet volume (i.e., hRi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 3=4p hVi 3 p ), 32 and the geometric mean of the mean discoid radii of a platelet (i.e., hRi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
. 9 Using either of these methods we obtained R p hRi AE r R ¼ ð1:16 AE 0:25Þlm. Although the size distribution of a single platelet is not normal, but log-normal, the size distribution for aggregates converge to a normal distribution due to the central limit theorem (CLT) of statistics. The CLT also yields greater accuracy for the radius of gyration of larger clusters because the variance of the platelet radius s Equation (2) takes the voids between the fractal branches into account, so the radius of gyration of a fractal ball is larger than the radius of a sphere of the same material volume. The void fraction is
is the apparent volume, and
p is the volume occupied by particles. The fractal structure naturally produces a void fraction that grows alongside with its size. This has been observed in platelet aggregates, where the maximum void fraction ranged between 60 and 90%. 5 In the previous PBE model of Huang and Hellums, it was assumed that platelets were coalescing instead of aggregating.
14 Coalescence is the fusion of initially distinct particles, followed by changes of shape leading to a reduction of the total surface area (e.g., fusion of liquid drops). On the other hand, aggregation is the interconnection of particles by chemical bonds. 38 Huang and Hellums scaled the cluster sizes with the Euclidian dimension, which characterizes coalescence instead of aggregation. Because the Euclidian dimension yields compact structures, they had to correct the size of their aggregates with a constant void fraction, which overestimates and underestimates the void fraction of smaller and larger aggregates, respectively. The aggregate size and void faction obtained by both the fractal theory and constant void fraction are compared in Fig. 1 . 
Population Balance Equation
The aggregation-breakup PBE for cluster size class i is 
is the physical point where both the aggregation and breakup rates are in equilibrium.
Aggregation Rate Function
The aggregation term of Eq. (4) is defined by the Smoluchowski coagulation equation 46, 47 which computes the average collision rates between clusters of any size,
In Eq. (5), g is the aggregation efficiency, and k c ðR i ; R j Þ is known as the particle collision kernel, which depends on the colliding particles' sizes. The first summation in Eq. (5) represents the formation of clusters of class i by the aggregation of smaller particles, and the second summation accounts for the consumption of particles of class i by the aggregation to other particles. The aggregation efficiency is the ratio of the aggregation and collision rates, ranging from 0 to 100%, and is related to platelet activation level. The aggregation efficiency results from the balance of forces acting in favor of and against aggregation. Proaggregation forces are generated by chemical affinity of cellular receptors and their ligands. Anti-aggregation forces are generated by by elastic collision, electrostatic barrier and osmotic pressure.
The collision kernel describes the physical interactions that move clusters together. Specifically, it results from the integration of the flux of particles of radius R i and R j moving into a sphere of radius ðR i þ R j Þ.
35,46
The gradient of velocity in a flowing media results in the shear collision kernel
is the absolute shear rate, and E is the strain rate tensor. Although the factor 4 3 occurs only in pure simple shear (Couette) flow, it is very close to the factor 4 3 p 3 occurring in pure elongational flow. Therefore, the local flow deformation is negligible considering all the model unknowns, 33 so we can apply the factor 4 3 indiscriminately. The integration of Fick's Law results in the diffusion collision kernel
where D i is the diffusivity. In the absence of red blood cells (RBCs), diffusion is purely Brownian, and is described by the Einstein-Stokes equation
where k B is the Boltzmann constant, T is the absolute temperature, and l is the dynamic viscosity of plasma. However, it has been demonstrated that the diffusivity of cells, such as platelets and white blood cells (WBCs), is augmented by the motion of RBCs in whole blood. 16, 41, 42 From among the many available models of enhanced diffusivity, we use Sorensen's version 16, 42 
due to its simplicity, and because we expect the diffusivity to become less significant for aggregates much larger than RBCs. Although it is not entirely clear how the enhanced diffusivity depends on particle size, it has been demonstrated that this phenomenon is still significant for leukocytes whose mean radius (R WBC $ 6 lm) is about twice that of RBCs (R RBC $ 3 lm).
11,12
Breakup Rate Function
The breakup term in Eq. (4) 
where the first term on the right hand side accounts for the break-up rate of clusters of class i, and the second accounts for the formation of clusters in this class by the breaking up of larger aggregates. In Eq. (10), k b ðR i Þ is the break-up kernel, and
is the fragment mass distribution, where Pðv i jv j Þ is the conditional probability mass function (PMF) for a cluster of v i platelets to be formed from the breakup of a cluster of v j platelets. Whenever a break-up event occurs, two clusters are formed with the same probability, one with v i platelets and the other with ðv j À v i Þ platelets. Thus, the conditional PMF covers half the number of platelets in the parent cluster, leading to conditions:
2 ; and (ii) P n i¼1 Pðv i jv j Þ ¼ 1; 8j 2 ½2; . . . ; n. The sum of these two PMFs in Eq. (11) form a symmetric distribution for any class of cluster i, which also guarantees the stoichiometry when v j ¼ 2 v i . Therefore, Eq. (11) has the properties X n i¼1 gðv i ; v j Þ ¼ 2; 8j 2 ½2; . . . ; n; ð12Þ
which respectively demonstrate that two particles are formed each time a fragmentation event occurs, and that mass conservation is being satisfied. Breakup of colloid aggregates can happen as either erosion or splitting. An erosive effect would be represented by a PMF yielding small aggregates, whereas a splitting effect would be represented by a PMF yielding aggregates of approximately half the size of the parent aggregate. Although both erosion and splitting of aggregates have been observed in vitro, 28 the probability mass distribution has not yet been quantified. Therefore, for simplicity, in this article we present results using a binary splitting PMF,
where floorðÁÞ rounds down a real number to the largest previous integer. The erosion and normal distributions are presented in the supporting material. The dynamics of the PBE is almost unaffected by the fragment mass distribution if the aggregation rate is lower than the breakup rate. However the dispersion of the steady-state CMD increases with increasing dispersion of the PMF.
1,43
A power-law model was proposed by Pandya and Spielman 30,31 for the break-up kernel:
where G is the absolute shear rate, R i is the aggregate radius, and a, b and c are constitutive parameters.
Because the physical dimension of parameter a depend on the values of parameters b and c, which are empirically determined, it is preferable to normalize Eq. (15) as
where a 0 ¼ 1 s 21 is used to match the dimensions of both sides of the equation, and G Ã is a characteristic shear rate which has the advantage of having a fixed physical dimension (s 21 ). 19 Notwithstanding this fact, the physical parameters can be easily converted from one to the other, i.e a ¼
Integral Quantities of the CMD Some of the more useful parameters which are used to observe the kinetic behavior of Eq. (4) are the distribution moments, which are defined as
where the index j represents the order of the moment. The zeroth moment M 0 is the total number of particles in the suspension. The first moment M 1 represents the number of primary particles in the suspension. The second moment M 2 is a measure of aggregation level. High moments can be used to check whether the system is at steady or transient state. 1 It follows that the mean number of primary particles per cluster is
Some non-invasive experimental techniques, such as light spectrometry, acquire population-averaged quantities of colloid mixtures which correlate with integral quantities of the CMD. 24, 39 In our case, an important quantity is the root mean square (RMS) radius of gyration, whose analytical approximation is given by
Scaling Analysis
The PBE is recast in terms of the following dimensionless variables:
In Eq. (20), C p is the absolute concentration of primary particles, and t a is the aggregation characteristic time of free platelets. The aggregation character-istic time is obtained by scaling just the initial aggregation rate of free platelets, i.e.,
where Pe is the Pe´clet number, determined by the advection-diffusion ratio of platelet aggregation. Considering Brownian diffusion only,
For SIPA in platelet-rich plasma (k B ¼ 1:38 Á 10
because PeJ100. In contrast, for SIPA in whole blood, the enhanced diffusivity effect considered by the Sorensen model [Eq. (9)] would result in a constant Pe % 1:40, independent of shear rate, because both the shear and enhanced diffusion collision rates are linearly proportional to shear rate. Therefore, according to the Sorensen model, RBC-enhanced diffusion would increase the SIPA rate [Eq. (21)] by a constant factor of 72% compared to shear collision alone.
The Pe in Eq. (22) compares the collision rates of advection and diffusion of free platelets. In order to interpret how the collision rates vary with aggregate size, it is useful to consider the scaled collision kernel
In Eq. (23) one can see that even for small Pe, diffusion is more significant for colliding clusters with a large difference in sizes. On the other hand, shear collision rate is not sensitive to differences in cluster size, and yet it grows with the third power of the cluster sizes. This is an important remark because breakup is stronger for larger clusters, see Eq. (16). Therefore, although diffusion can contribute to aggregation rate, the shape of the CMD at steady state is determined by the equilibrium of shear and breakup rate 1 (as shown in the supporting material).
Like Eq. (23), the break-up kernel function [the version of either Eqs. (15) or (16)] is scaled aŝ
where
is the ratio of aggregation and breakup rates of free platelets.
Steady State
The dynamic behavior of the aggregation-breakup PBE [Eq. (4)] was investigated both experimentally (for polystyrene particles) and numerically by Spicer et al. 43, 45 They showed that after a starting transient, the CMD achieves a steady state which reflects the equilibrium between aggregation and breakup. Moreover, the shape of the CMD is self-preserving at the steady state for any K ab >1 [i.e., the shape is preserved when normalized by the average number of platelets per aggregate hvi, Eq. (18)]. Although higher shear rates shift the curve to smaller sizes, any steady-state distribution collapses to the same line when scaled at the mean aggregate size. This distribution is universal if the shear rate is low enough to keep less than 5% of primary particles unaggregated. This is accomplished when aggregation rate is higher than breakup rate for small cluster sizes, i.e., K ab >1 [Eq. (25)]. Additionally, the transient time decreases exponentially with decreasing K ab because breakup halts the development of the CMD at smaller clusters. 45 A more rigorous mathematical analysis was performed by Kostoglou and Karabelas. They derived an approximate analytical solution for the CMD at steady state assuming a log-normal distribution. 18 Their analysis shows that as the fractal dimension D F decreases, or breakup exponent c [in Eq. (15)] increases, the CMD becomes wider. The same occurs if the dispersion of the fragment mass distribution is increased, as Spicer and Prasinis had observed numerically. 43 Kostoglou and Karabelas obtained an analytical approximation for the steady-state mean number of particles per cluster
along with the condition
for the existence of a steady state. Otherwise, aggregation dominates for all shear rates. Later, Ba¨bler and Morbidelli proved both numerically and experimentally that the approximation of Kostoglou and Kara-belas is very good for many integral quantities of the CMD, such as the RMS radius of gyration
if K ab >1, 1 despite the steady-state CMD not really being log-normal. It is important to notice that at the steady state, the mean number of platelets per cluster [Eq. (26) ] and the RMS radius of gyration [Eq. (28) ] rise exponentially with increasing aggregation-breakup ratio. The exponential growth rate of these equations is inversely dependent on the parameter c of the break-up kernel [Eq. (15)].
Numerical Integration
The fixed pivot method (FPM) of Kumar and Ramkrishna was applied to solve the PBE numerically. 22 In this method the CMD is represented by discrete pivot points i, as described for Eq. (4). The FPM guarantees the conservation of mass by interpolating aggregation and breakup rates of particles at the pivot points. The CMD is discretized by a geometric series of pivot points
In comparison with an uniform discretization, such as
Equation (29) requires fewer discretization points, and thus facilitates a large choice for maximum cluster size, helping to avoid errors due to an artificial upper bound. These arrays are recursively called to calculate the PBE at each discrete cluster size. The PBE yields an ordinary differential equation (ODE) for each cluster size, which is solved numerically at each time step. We solved our ODE system in Python using the scipy odeint function, 29 which runs the Adams method (predictor-corrector) in the non-stiff case, and backward differentiation formula (BDF) methods (the Gear methods) in the stiff case.
Algorithm Overview
The algorithm that computes the evolution of the CMD is summarised in Fig. 2 
Two-Body Collision Model
The two-body collision model is a simplified version of Eq. (5) in which only collisions between free platelets are considered,
Collisions between clusters, and between free platelets and clusters, are ignored in this approach. The level of platelet aggregation is assessed by comparing the initial (C v¼1 ðt ¼ 0Þ C p ) and current concentra- tion of free platelets (C v¼1 ðtÞ). This model coincides with the present aggregation-PBE model when the system is controlled by the aggregation characteristic time t a [Eq. (21)] alone, and it is not very accurate when either shear rate is large or a steady state is reached.
In previous works, discrepancies between the measured and expected depletion of free platelets were attributed to a shear-dependent aggregation efficiency g ¼ gðGÞ.
3,6,10,13-15,49 Aggregation efficiency was believed to decrease with increasing shear rate because higher shear rates would result in shorter platelet-platelet interaction times than required for connecting membrane receptors. 10 Using this assumption, Bell et al. reported the aggregation efficiency dropping from g ¼ 0:26 at G ¼ 41:9 s 21 to g ¼ 0:17 at G ¼ 335 s 21 , and further to negligible levels (g<0:001) at G ¼ 1; 335 s 21 . 3 Xia and Frojmovic confirmed a similar trend and postulated an empirical relation for the shear-dependent aggregation efficiency 49 gðGÞ ¼ 59G À1 :
Xia and Frojmovic 49 studied SIPA of human activated platelets in a rheometer under Couette flow. They presented their data in terms of the fraction of aggregated platelets
Because their results showed an inverse-exponential trend, they assumed a first-order ODE approximation, and applied a curve fit to Finally, the experimental aggregation efficiency is obtained by comparing the derivatives of Eqs. (33) and (34) 
In Eq. (35), Xia and Frojmovic obtained the rate parameter k and steady-state parameter PA max of Eq. (34) from a curve fit to the experimental data. Theoretically, PA max should be equal to 1, according to the two-body collision model [Eqs. (31) ] in (33) . Yet, the authors could not force PA max ¼ 1 to the curve fitting because the data had a steady-state PA in the range 0-1. This means that in the formulation of Eq. (32) the shear rate G could be influencing PA max more than k. Moreover, in a first order ODE, like Eq. (34), parameter k is the inverse of the equation's characteristic time (k ¼ t À1 a ) presented in Eq. (21) . If the aggregation characteristic time is used in Eq. (34), the only parameter to be fitted would be PA max . Nevertheless, a steady-state PA in the range 0-1 would be theoretically correct if the aggregation-breakup PBE was considered.
RESULTS
To determine the effectiveness of our aggregationbreakup PBE model to correlate experimental data, we use the data of Xia and Frojmovic, 49 because of the nature of the test flow and the clarity of the data presentation. Although Xia and Frojmovic applied the two-body collision model for the analysis of their experiments, their experimental data are suitable for estimation of the parameters of the new aggregationbreakup PBE model. Their experiments were conducted in Couette flow, which guarantees that all sampled platelets underwent the same shear rate (and stress) history, whereas other experiments were done in Poiseuille flow.
3,10 Although they have not recorded the whole CMD, we show in the following that the fraction of aggregated platelets PA has an unique association with the state of the CMD. A sensitivity analysis of the aggregation-breakup PBE model demonstrates how the different parameters affect the initial aggregation rate or the steady state. We demonstrate that PA max can show an inverse rela- tionship with shear rate G using the aggregationbreakup PBE, as should have occurred for the formulation of Eq. (32) . Finally, we demonstrate that the aggregation-breakup PBE model presents two distinct physical states: low aggregation and high aggregation. The characteristics of these two states are presented.
To show that SIPA correlates to the second order kinetics, as predicted by Eq. (5), Xia and Frojmovic ran tests at three distinct concentrations, as shown in Fig. 3 . These samples were diluted ten-fold to increase the aggregation characteristic time, Eq. (21). The curve fitting obtained by Eq. (33) resulted in the same aggregation efficiency g ¼ 0:24 AE 0:07 [Eq. (35) ] for the three data sets. The curve-fitting precision was obtained from the correlation matrix of the weighted least-squares method. The error estimation of about 30% occurred due to the limited number of points as well as the significant experimental uncertainty.
The present aggregation-breakup PBE was applied using aggregation efficiency g ¼ 0:3, which is technically the same as the value obtained by the curve fitting, within experimental uncertainty. The break-up kernel parameters were adjusted so that the simulated curves would approximate the data points. Parameter b, which scales the power of shear to aggregate breakup in Eq. (16) ). Although aggregation efficiency itself is not necessarily related to shear rate, those empirical relations indicate that PA max / G À1 . Using the aggregation-breakup PBE, the steady-state PA varies directly with K ab . With b ¼ 2, PAðt ! 1Þ / K ab / G À1 . We tested two values for parameter c: c ¼ 1 and c ¼ 3.
Because this parameter regulates the intensity of breakup to the aggregate size, the parameter G Ã that regulates the breakup of the whole CMD to shear rate had to be adjusted to each case of parameter c. Consequently, the curve fit of the PBE was performed with the parameter pairs c ¼ 1 and G Ã ¼ 928 s 21 , and c ¼ 3 and G Ã ¼ 1540 s 21 . These two pairs of arguments along with g ¼ 3 and b ¼ 2 fit the experimental data of the three concentrations of activated platelets C p in Fig. 3 .
The simulations in Fig. 3 are compared with the fitted inverse-exponential curves using Eq. (34). The initial aggregation rate d dt PAðt ¼ 0Þ was the same in all cases because they all used the same aggregation parameters. However, the state at t ¼ 60 s, which was not necessarily steady in all cases, was sensitive to parameter c. The fraction of aggregated platelets was more sensitive to variations of C p for c ¼ 1 than c ¼ 3. This is expected, since the parameter c regulates aggregate growth by being the exponent of aggregate size in Eq. (16) .
In order to investigate the sensitivity of the simulated results to physical uncertainties, we varied the aggregation-breakup ratio K ab [Eq. (25) ] and the aggregation characteristic time t a [Eq. (21)] by AE10%. Figure 4a shows that the steady-state fraction of aggregated platelets PA depends on K ab , and Fig. 4b shows that the initial aggregation rate depends on t a . Figure 4b also shows that the PBE steady state was not achieved for platelet concentrations 40,000 and 60,000 lL at 60 s. We analysed the relation of K ab to PA max , and we found the linear relations PA max ¼ 2:50 K ab and PA max ¼ 1:12 K ab for c ¼ 1 and c ¼ 3, respectively. Thus, for an unknown value of c in the range 1-3, the sensitivity of PA max to K ab varies by maximally a factor of approximately 2. The linear relationship of PA max to C p , for C p ranging from 20,000-60,000 lL 21 , was reported by Xia and Frojmovic. 49 The same relationship occurs in our model, since K ab / C p .
Similarly to parameter c, the fractal dimension D F regulates the aggregation and breakup ratios to the size of the aggregates [see Eqs. (23) and (24) (23) and (24) . These exponents are 3=D F and c=D F for aggregation and breakup, respectively. Therefore, aggregation rate decreases more than breakup as D F increases, if c 6 ¼ 3. However, for c ¼ 3, aggregation and breakup rates have the same exponents, then aggregation rate increases slightly more than breakup because the collision kernel grows with ðv . Figure 6 shows the dependence of the steady state of the aggregation-breakup PBE on the aggregationbreakup ratio K ab [Eq. (25) ]. The sensitivity of PA max to K ab is seen as the slope of the continuous lines in Fig. 6 , both for c ¼ 1 and c ¼ 3. As the inset in Fig. 6 shows, the relation of PA max and K ab is linear for K ab ( 1, and it approaches 1 as K ab % 1. The same behaviour was reported by Xia and Frojmovic for the relation of g and G À1 . 49 The fact that our PBE model yields the same behaviour as the experimental data, by following the rule K ab / G À1 with b ¼ 2, supports the hypothesis that the aggregation efficiency g could be modeled as a shear-independent constant when breakup is considered. A high count of free platelets in a shearing sample does not necessarily mean that they were not aggregating. If our hypothesis is correct, then those free activated platelets were aggregating for short intervals, but the aggregates were being broken up by shear forces. The equilibrium is the point where aggregation and breakup rates have the same intensity, not where both ceased to exist.
The relation of PA max and K ab breaks down for K ab J1, and PA max % 100%. At this point, the mean number of platelets per aggregate hvi becomes a better metric for platelet aggregation, and the CMD becomes similar to a log-normal distribution with self-similar shape regardless of K ab , see Fig. 8 . As expected by Eq. (26), for K ab J1, dloghvi dK ab is 11 and 1 for c ¼ 1 and c ¼ 3, respectively, as depicted by the inset in Fig. 6 .
The aggregation-breakup PBE model presents two steady-state physical phases, a low-aggregation phase when K ab ( 1, and a high-aggregation phase when K ab ) 1. Figure 6 shows a sharper phase transition occurring for c ¼ 1 around 0:3.K ab .0:5, and a smoother phase transition for c ¼ 3 around 1:0.K ab .4:0. When the aggregation-breakup ratio is lower than the transition region, there is a very low number of aggregated platelets. However, when the ratio is higher, there are very few free platelets. There are no aggregates at K ab % 0. Doublets and a few triplets are formed as K ab increases towards the transition region. The population distribution [Eq. (1)] of the unaggregated phase is seen in Fig. 7 . It corresponds to early microaggregation of activated platelets observed experimentally. 49 The parameter c as well as the fractal dimension D F have minimal influence on the CMD shape in the unaggregated phase, since aggregates are small.
Larger aggregates are formed only in the high-aggregation phase (K ab ) 1). The population distribution in the aggregated phase resembles the log-normal distribution, as shown in Fig. 8 . In Fig 8 the steadystate CMD is normalized at the mean number of platelets per aggregate hvi to highlight the self-similarity of the distribution at different K ab ) 1. For K ab .1 the logarithm of the CMD does not resemble the normal distribution. The mean number of platelets per aggregate is proportional to the aggregation-breakup ratio as demonstrated by Eq. (26) . It is also possible to observe in Fig. 8 that most platelets form aggregates in the range 0:1hvi-10hvi, and other aggregate sizes are very rare. The mean cluster size is obtained by Eq. (28) . The steady-state CMD becomes narrower with increasing D F or c, 1 which is related to the decrease in power of aggregation compared to breakup, as seen in Figs. 5a and 5b.
DISCUSSION
Previous authors 3, 6, 10, [13] [14] [15] 49 have considered hydrodynamic effects inhibiting platelet aggregation, and incorporated this in models of aggregation efficiency. However, this approach only delays aggregation by prolonging the transient phase, as indicated in Eq. (21) . Any model involving only the effect of aggregation would inevitably yield to a steady state where all platelets are clumped together in a single aggregate. A realistic theoretical steady state can only occur when two opposite rates come to equilibrium. Our model, incorporating aggregation and breakup processes, implies that aggregates are less noticed at higher shear rates because they break apart very quickly instead of building up at a slower pace. The scaling analysis show that the equilibrium level of aggregation depends only on one dimensiless number, the aggregation-breakup ratio K ab . The only phyisical quantities not appearing in K ab are the fractal dimension D F and the breakup parameter c, both of which control the power of aggregation and breakup along the CMD. At K ab ( 1, PA max is linearly dependent on K ab , with a low sensitivity to D F and c. At K ab ) 1, PA max ¼ 1 and hvi becomes a more suitable parameter of aggregation, following the power-law relation in Eq. (26) which is much more sensitive to D F and c.
The trend embodied in the empirical formula [Eq. (32)] of Xia and Frojmovic for shear-dependent aggregation efficiency can be reproduced by our aggregation-breakup model with shear-independent aggregation efficiency, as seen in Fig. 6 . In our simulations, we apply the fixed aggregation efficiency g ¼ 0:3 because it is approximetely the highest value (g ¼ 0:29 AE 0:01) reported by Xia and Frojmovic, for their lowest shear rate (G ¼ 100 s 21 ). 49 Although they presented a lower value for the data in Fig. 3 (g ¼ 0:24 AE 0:07 at G ¼ 250 s 21 ), our g ¼ 0:3 is still a good value as our simulations show. It is important to stress that g affects primarily the steepness of the curves in Fig. 3 , but the steady state depends also on the balance with the breakup parameters. This is illustrated in Figs. 4a and 4b , where parameters of aggregation and breakup parameters were varied. Interestingly, Chang and Robertson reported g ¼ 0:368 AE 0:175 and 0:301 AE 0:051 for Brownian aggregation of rabbit platelets using two different methods. 6 If aggregation efficiency is considered to be independent of shear rate, it would be better to measure it in the absence of shear forces breaking aggregates up. Thus, measuring aggregation efficiency from Brownian aggregation should be more accurate than measuring from SIPA. Moreover, the aggregation efficiency reflects the ratio of the chemical rate for platelet-platelet bond formation to the collision rate. Because both a platelet collision and receptor chemical reaction must occur to consummate an aggregation event, the slowest rate controls the speed of this process. A low Brownian aggregation efficiency means that the chemical rate is slower than Brownian collision rate. Another evidence showing that platelet aggregation is controlled by the chemical rate is the observed fractal dimension D F ¼ 2:2 for aggregates formed in Brownian motion. 7 A D F % 2:2 is typical of aggregation controlled by chemical reaction. Aggregates controlled by the collision from Brownian motion are less compact, with D F % 2:2, because generally monomers aggregate to the first contact with the fractal structure. 26 Xia and Frojmovic 49 conducted their experiments at concentration of activated platelets C p equivalent to 1/10 of physiological platelet concentration. There are at least three reasons for this. First, it is very unlikely to have all platelets activated in natural conditions. Second, aggregation characteristic time is inversely proportional to the concentration of activated platelets [t a / C p , Eq. (21)]. Therefore, if C p was equivalent to the physiological concentration of platelets, steady state would be achieved in less than 5 s at G ¼ 250 s 21 , which is less than the 10 s sampling period. Third, the aggregation-breakup ratio would be ten times higher, because K ab / C p [Eq. (25) ], which would result in a K ab >1. We show that PA max / K ab only for K ab ( 1, and hvi / K 1 D F þcÀ3 ab for K ab ) 1. Thus, it is only possible to use PA max to quantify platelet aggregation if K ab ( 1. Nonetheless, the experimental data of Huang and Hellums [13] [14] [15] indicates a log-normal CMD if the concentration of particles whose size is similar to free platelets is disconsidered. It seems that the samples of Huang and Hellums contained a mixture of activated and unactivated platelets, whereas the experiment of Xia and Frojmovic contained only activated platelets. Despite the theoretical expectation that the present PBE model is valid for K ab >1 (i.e., high platelet concentration) there is not yet any conclusive experimental evidence to confirm it.
It has been shown in a previous work that the concentration of ADP in platelet-rich plasma was linearly proportional to aggregation rate, whereas the concentration of prostaglandin E 1 (PGE 1 ) was inversely proportional. 6 Similarly, in a mixture of fully activated platelets with resting platelets, the aggregation efficiency was linearly related to the proportion of activated platelets. 49 This linear relationship to the concentration of activated platelets suggests that there are two distinct states (resting or activated) instead of a continuous transition between both states. A platelet would exert its full potential to aggregate if it is activated, but there would not be any half-activated state where it would have half the potential to aggregate. On the basis of this hypothesis, different platelets could have different sensitivity to activation stimuli. Once the pro-activation stimuli overcome the power of the antiactivation stimuli, resting platelets would flip to the activated state. Hence, when dealing with a mixture of activated and resting platelets the two populations should be split into separate groups, each with its own concentration. Stimuli of distinct intensities would be able to transfer a certain portion of resting platelets to the activated platelets group. This is the the approach normally found in the literature to formulate models of platelet activation, where a rate function transforms resting platelets into a single class of activated platelets proportionally to chemical and mechanical stimuli present in the system. 21, 25, 42 Accordingly, as the concentration of activated platelets C p increases, so does the characteristic aggregation rate (1=t a ) and aggregation-breakup ratio K ab , as seen in Eqs. (21) and (25) . A change in K ab would immediately change the CMD's steady state.
The PBE model presented in this work attempts to rationalize the observations that the steady state of SIPA is inversely proportional to shear rate. We note that SIPA modeled as a one-way process is unable to explain the steady states detected experimentally. We apply this PBE model because it succeeds in describing shear-induced aggregation of non-biological colloids. This model is also capable of separating the shear rate from other physicochemical aspects of SIPA, such as platelet activation and platelet to platelet chemical bonding. This is important for better interpreting SIPA experiments in complex flows, such as in platelet aggregometry (in a stirred cuvette) or in biomedical devices. Nevertheless, this is not a conclusive model for SIPA, mainly because the binding mechanism between platelets was not elucidated. The presence of a linking protein, such as fibrinogen or vWF, is required in platelet aggregation. Therefore, the concentration of such molecules in the plasma is an important factor in SIPA, which was not addressed in this paper. Either the lack or the excess of such molecules in plasma can decrease aggregation efficiency g, because the lack of these molecules reduces the chance of bond formations and the excess results in the saturation of membrane receptors. 23, 49 Another important aspect is to model how these molecules interact with enzymes when they are connected to membrane receptors. Furthermore, if the aggregate bonds are stronger than the platelet membrane, a breakup would possibly damage platelets, rendering breakup irreversible. These types of interactions could also have important roles in the steady state of SIPA. Finally, the maturation of the aggregates into stable thrombi reinforced by a fibrin mesh was not considered. Possibly, after a time span, platelet aggregates loose their ability to aggregate and break up. Thus, stable thrombi would not break up at the high shear stresses present in microvessels.
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